Abstract. The coupling of boundary elements and finite elements combines the advantage of boundary elements for treating domains extended to infinity and that of finite elements in treating the nonhomogeneity of equations and the complexity of domains. In the case of the Laplacian, by taking a circle or a sphere as the artificial coupling boundary, it is shown that the corresponding boundary integral equation can be solved without any cost and the coupled system is reduced to a simple finite element system. Two multigrid methods are proposed to solve this finite element linear system. Both methods are of optimal order and can be used to solve such finite element equations as efficiently as to solve those arising from interior boundary value problems.
1. Introduction. A good numerical method for boundary value problems should not only provide a discretization scheme, but also include an efficient algorithm for solving the resulting discrete linear systems. For exterior boundary value problems, especially those problems involving nonhomogeneity, nonlinearity, and/or irregularity of domains, the coupling method of boundary elements and finite elements provides a good approximation scheme. But the resulting discrete linear systems (see (2.5) below) are difficult to solve due to the complicated structure: F C1 (11) (C2 B)( X where F and B arise from the finite elements and the boundary elements discretizations, respectively, while C1 and C2 represent the coupling. Here the matrix B is fully populated. The purpose of this paper is to find some optimal order algorithms to invert the discrete problems (1.1), i.e., the number of arithmetic operations is proportional to the number of unknowns.
For exterior boundary value problems, we have a freedom in choosing the artificial outer boundary. In this paper, we will make the coupling at a circle in the twodimensional case, or a sphere in three-dimensional. In such a case, the matrix B in (1.1) can be inverted exactly (in fact, not at discrete levels, but at the continuous level; cf. (2.5) and (3.7) below) and (1.1)is reduced to (1.2) iteration with a relaxation parameter w" (1.3) xi Xi-1 + w-l(f (F-C1B-1C2)xi-1), i-1,2,..., where the preconditioner F -1 is a multigrid approximation of the inverse of the finite element stiffness matrix F. This iterative method is natural, like the Schwartz alternating method in the domain decomposition. Given a rough guess of the finite element solution, we can update the boundary element approximate solution by it. With the new boundary element solution, the initial guess of the finite element solution is improved. Nevertheless the boundary elements do not appear explicitly in the method (see (4.1)). However, unlike the Schwartz alternating method, this procedure may not converge if we do not use the relaxation parameter (i.e., w 1 in (1.3)). A similar method has been used in [20] , where a preconditioned conjugate gradient method is applied to the coupling system on the artificial boundary, where both interior and exterior problems are solved exactly.
The other method we will study for solving (1.2) is a direct multigrid method without splitting the matrix. We show that this multigrid iteration can solve (1.2) as efficiently as the multigrid method for solving standard finite element equations arising from interior boundary value problems. We remark again that unlike the work of multigrid methods for integral equations (cf. [11] , [19] , and [22] [10] and [9] ). Throughout the paper, ci will stand for positive constants independent of the functions in estimation and the multigrid level number, and H(Ft) stands for standard Sobolev spaces [1] . Problem [11] )" Given f e g-(tF), find (u,a) e H(ftF) x H-I/(Fo)such that a(uF, V) (V-, or) (f, v) VV e H(ftF), (.) (u 2Ku, X) + (2Va, X) 0 VX e H-l/U(r0). The solution of (2.5) 
where the second identity follows from a simple integration by parts (see, e.g., [13] For simplicity, in the sequel u, as well as v, will also be used to denote its restriction on the artificial boundary. We note that the kernel in the integral (Vt, )} is only weakly singular.
In the three-dimensional case, (3.1)-(3.4) remain valid except that the constant c is identically equal to zero. On the sphere, we have
Therefore the uncoupled weak formulation in three dimensions is of the form:
In both two-dimensional and three-dimensional cases, the final variational form contains neither the boundary integral operator K nor Kt. 4 . A direct multigrid method. In this section the finite elements will be employed to discretize problem (3.7). We then apply a multigrid iteration to the finite element linear system. We will prove the constant-rate convergence (independent of the number of unknowns in the linear system) of the multigrid method. Consequently the method is shown to have the optimal computational order. We then apply the finite element method to (3.7) . For brevity, we will use piecewise linear elements on triangles or triangles with one curved edge as shown in Fig. 1 .
By connecting all midpoints of triangles, we can obtain a nested family of triangulations {:irk} and a nested sequence of finite element spaces:
We will consider applying the multigrid method to the discretized finite element problems: Find uk E Vk, such that
An advantage of this method is apparently that one does not need to define the boundary element space. Generally speaking, a larger effort is needed in coding boundary elements than in coding finite elements. In this method, we just add a quadrature formula for evaluating (Vt, )} to a standard finite element multigrid code. We remark that these curved finite elements are practical too. But to be simpler, one can use straight edges to approximate the circular boundary (see Fig. 2 ). The theory provided in this paper can be easily extended to cover such a case. Treating the nonnestedness caused by meshes like Fig. 2 in the multigrid method has been studied in [23] . The multigrid method for more general nonnested meshes can be found in [4] , [24] , and the references therein. evaluating the boundary integrals. Since the work per iteration is proportional to the number of unknowns, it is standard to get the following theorem on the optimal order of the multigrid method (see [2] for the mathematical statement and the full multigrid method, i.e., the initial guesses need to be the multigrid solutions on previous coarser levels). (fi,v) -a(Wm,V). Let Mk be the multigrid approximate inverse operator for Ak, that is, after one kth level multigrid iteration, the iterative error e will be reduced to (I-MkAk)e. By the standard multigrid method theory (for example, [2] We note that each mapping in (5.5 Fig. 4(a)-(d) .
To compare the coupling method for exterior problems and the finite element method for interior problems, we apply the finite element method to the Dirichlet problem -Au 0 with boundary condition u g on both the square and the circle. The solution u is plotted in Fig. 4 (e). In Fig. 4 (f), we plot the error of the finite element solution of the coupling system (4.1), where the scaling is 100 times of that for Fig.  4 (e). The error for the finite solution of the above Dirichlet problem is shown in Fig.  4 (g). We can see the difference of the two finite element solutions in Fig. 4 Interior--Au 0 5 7 5 In the second method, a relaxation parameter w is introduced in (5.1). As we pointed out earlier that omitting of w, i.e. w 1, may lead to a divergent iteration.
We tested numerically the dependence of the convergence rate on the relaxation factor on the mesh level 4. The convergence rates are listed in Table 2 , where the multigrid iteration uses the symmetric V-cycle with 4 pre-and post-smoothings.
We have assumed certain elliptic regularity for the Fig. 5(a) , the numerical solution of the coupling method on mesh level 4 is plotted. The differences of the two numerical solutions on level 4 and level 3 can be found in Fig. 5(b) . As can be seen, the larger Downloaded 10/27/17 to 128.4.224.178. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php errors occur at the four corners of the inner square. Table 3 shows the numerically computed, convergence orders of the scheme for (6.1). Also in Table 3 
